Abstract. Lie conformal algebras W(a, b) are the semi-direct sums of Virasoro Lie conformal algebra and its nontrivial conformal modules of rank one. In this paper, we give a complete classification of extensions of finite irreducible conformal modules of W(a, b). With a similar method, we characterize all extensions of finite irreducible conformal modules of Schrödinger-Virasoro type Lie conformal algebras T SV (a, b) and T SV (c).
Introduction
The notion of a Lie conformal algebra, which was introduced by Kac in [8, 10] , represents an axiomatic description of the operator product expansion (or rather its Fourier transform) of chiral fields in conformal field theory (see [2] ). It has been shown that the theory of Lie conformal algebras has close connections to vertex algebras, infinite-dimensional Lie algebras satisfying the locality property in [9] and Hamiltonian formalism in the theory of nonlinear evolution equations (see [1] ). It is known that Virasoro Lie conformal algebra V ir and current Lie conformal algebra CurG associated to a finite-dimensional simple Lie algebra G exhaust all finite simple Lie conformal algebras (see [6] ). Moreover, all finite irreducible conformal modules of finite simple Lie conformal algebras were characterized in [3] . In general, conformal modules of Lie conformal algebras including finite simple Lie conformal algebras are not completely reducible. Therefore, it is necessary to investigate the extension problem of finite irreducible conformal modules of Lie conformal algebras. Extensions between finite irreducible conformal modules over the Virasoro, the current, the Neveu-Schwarz and the semi-direct sum of the Virasoro and the current conformal algebras were classified by Cheng, Kac and Wakimoto in [4, 5] . Ngau Lam in [14] classified extensions between finite irreducible conformal modules over the supercurrent conformal algebras by using the techniques developed in [4] .
In this paper, we investigate extensions of finite irreducible conformal modules of Lie conformal algebras W(a, b), T SV (a, b) and T SV (c), where W(a, b) is a semi-direct sum of V ir and its nontrivial conformal modules of rank one, T SV (a, b) and T SV (c) are two classes of Schrödinger-Virasoro type Lie conformal algebras introduced in [7] . Note that W(1 − b, 0) is just the Lie conformal algebra W(b) in [18] , W(1, 0) is just the Heisenberg-Virasoro Lie conformal algebra, T SV ( The rest of this paper is organized as follows. In Section 2, we introduce some basic definitions, notations, and related known results about Virasoro Lie conformal algebra V ir. In Section 3, we first recall all finite nontrivial irreducible conformal modules of W(a, b). Then we give a complete classification of all extensions of finite irreducible conformal modules of W(a, b). In Section 4, we recall all finite nontrivial irreducible conformal modules over Lie conformal algebras T SV (a, b) and T SV (c). Moreover, we also classify all extensions of finite irreducible conformal modules over them by using the results and methods given in Section 3.
Throughout this paper, we use C to represent the set of complex numbers. In addition, all vector spaces and tensor products are over C.
preliminaries
In this section, we recall some basic definitions and related results about Lie conformal algebras and fix some notations for later use. For a detailed description, one can refer to [3, 4, 8, 11] . A Lie conformal algebra R is called finite if R is finitely generated as a C[∂]-module. The rank of a Lie conformal algebra R, denoted by rank(R), is its rank as a C[∂]-module. 
for a, b ∈ R, v ∈ M .
Suppose M , N are two R-modules. Then a C[∂]-module homomorphism ϕ from M to N is said to be a homomorphism of R-modules if ϕ(a λ m) = a λ ϕ(m) for all m ∈ M and a ∈ R.
A conformal module M over a Lie conformal algebra R is also called a representation of R, or an R-module. If M is finitely generated over C[∂], then it is simply called finite. Furthermore, if M is free over C[∂] and finite, then the rank of M is its rank as a C[∂]-module. A conformal module M is said to be irreducible if it has no nonzero submodules N such that N = M .
Let R be a Lie conformal algebra and M an R-module. An element m ∈ M is called invariant if R λ m = 0. Obviously, the set of all invariants of M is a conformal submodule of M , denoted by M 0 . An R-module M is called trivial if M 0 = M , i.e., a module on which R acts trivially. For any η ∈ C, we obtain a natural trivial R-module Cc η , which is determined by η, such that Cc η = C and ∂c η = ηc η , R λ c η = 0. It is easy to check that the modules Cc η with η ∈ C exhaust all trivial irreducible R-modules. Definition 2.3. Let V and W be two modules over a Lie conformal algebra (or a Lie algebra) R. An extension of W by V is an exact sequence of R-modules of the form
where E is isomorphic to V ⊕ W as a vector space. 
Obviously, the direct sum of modules V ⊕ W gives rise to an extension 0
In general, taking Lie algebra as an example, an extension can be thought of as the direct sum of vector spaces E = V ⊕ W , where V is a submodule of E, while for w ∈ W we have:
where f a : W → V is a linear map satisfying the cocycle condition:
The set of these cocycles forms a vector space Ext(W, V ) over C. Cocycles equivalent to trivial extension are called coboundaries. They form a subspace Ext c (W, V ) and the quotient space
It was shown in [3] that 
Moreover, the module M α,β is irreducible if and only if α is non-zero. The module M 0,β contains a unique nontrivial submodule (∂ + β)M 0,β isomorphic to M 1,β . The modules M α,β with α = 0 exhaust all finite irreducible nontrivial V ir-modules.
Therefore, M α,β with α = 0, together with the one-dimensional modules Cc η (η ∈ C), form a complete list of finite irreducible conformal modules over the Virasoro conformal algebra.
In [4] , extensions over the Virasoro conformal modules of the following types have been classified:
We list the corresponding results in the following three theorems for later use. 
where (i) f (λ) = c 2 λ 2 , for α = 1 and c 2 = 0.
(ii) f (λ) = c 3 λ 3 , for α = 2 and c 3 = 0.
Furthermore, all trivial cocycles are given by scalar multiples of the polynomial f (λ) = αλ+β+η. 
Furthermore, all trivial cocycles are given by the same scalar multiples of the polynomial 
The complete list of values of α andᾱ along with the corresponding polynomials f (∂, λ), is given as follows, whose nonzero scalar multiples give rise to nontrivial extensions (by replacing ∂ by ∂ + β):
Furthermore, all trivial cocycles are given by scalar multiples of the polynomial f (∂, λ) = (∂ + αλ + β)φ(∂) − (∂ +ᾱλ +β)φ(∂ + λ), where φ is a polynomial. 
All finite nontrivial conformal modules over the Lie conformal algebra W(a, b) were classified in [11] . We recall them via the following theorem. 
with α, β, γ ∈ C and (α, γ) = (0, 0).
In this paper, we denote the W(a, b)-module M from Theorem 3.2 by M α,β if (a, b) = (1, 0), and M α,β,γ if (a, b) = (1, 0), respectively. Actually, W(1, 0) is the Heisenberg-Virasoro conformal algebra. Moreover, extensions of finite irreducible modules over it were classified in [12, 19] . So we will give their results directly below without proof.
First, we consider extensions of finite irreducible W(a, b)-modules of the form
Cc η is a W(a, b)-submodule, and M = C[∂]v α such that the following identities hold in E:
where
Lemma 3.3. All trivial extensions of finite irreducible W(a, b)-modules of the form (3.7) are given by (3.8) and (3.9) , and
is a scalar multiple of αλ + β + η and g(λ) = 0. 
On the other hand, it follows from (3.8) that
We can obtain that ϕ(∂) is a nonzero constant and g(λ) = 0 by comparing both expressions for L λ v ′ α and W λ v ′ α , respectively. Thus f (λ) is a scalar multiple of αλ + β + η. (2) See Corollary 6.1 in [19] . Proof. (1) Applying both sides of (3.1) and (3.2) to v α , we obtain
Setting λ = 0 in (3.11) gives
By (3.12), g(µ) = 0. It reduces to the case of Virasoro conformal algebra. We can obtain the result by Theorem 2.5.
If g(λ) = 0, then it reduces to the case of Virasoro conformal algebra. We obtain the result by Theorem 2.5. Now we assume that g(λ) = 0. Setting µ = 0 in (3.11), we obtain that
By solving the equation (3.13) and combining Theorem 2.5 and Lemma 3.3, we can draw the following conclusions:
If a = 1 and β + η = 0, then g(λ) = k for some nonzero complex number k, α = 1 − a, and
If a = 1 and β + η = 0, then g(λ) = k for some nonzero complex number k, α = 1 − a, and f (λ) = 0.
If a = 1 and b = 0, then β + η = 0, then g(λ) = k(1 − 1 b λ), α = 1 for some nonzero complex number k and f (λ) = 0.
(2) See Corollary 6.1 in [19] . This completes the proof.
Next, we consider extensions of finite irreducible W(a, b)-modules of the form
(3.14)
As we described in the Section 2, E as a vector space in (3.14) is isomorphic to M ⊕ Cc η , where M is a W(a, b)-submodule, and M = C[∂]v α such that the following identities hold in E:
Lemma 3.5. All trivial extensions of finite irreducible W(a, b)-modules of the form (3.14) are given by (3.15) , and
, where φ is a polynomial.
Proof.
(1) Assume that (3.14) is a trivial extension, i.e., there exists c
On the other hand, it follows from (3.15) that
We obtain the result by comparing both expressions for L λ c ′ η , W λ c ′ η and ∂c ′ η , respectively. (2) See Corollary 6.2 in [19] . 
where k is a nonzero complex number. 
where k is a nonzero complex number.
Proof. (1) Applying both sides of (3.1), (3.5) and (3.6) to c η gives the following equations:
Obviously, g(∂, λ) = 0 by (3.18) . This reduces to the case of Virasoro conformal algebra. We can obtain the result by Theorem 2.6.
(2) See Corollary 6.2 in [19] .
This completes the proof.
Finally, we consider extensions of finite irreducible W(a, b)-modules of the form
v α such that the following identities hold in E:
Lemma 3.7. All trivial extensions of finite irreducible W(a, b)-modules of the form (3.19) are given by (3.20) and (3.21) , and 
On the other hand, it follows from (3.20) that
We can obtain that ϕ(∂) is a nonzero constant and g(∂, λ) = 0 by comparing both expressions for L λ v ′ α and W λ v ′ α , respectively. Thus f (∂, λ) is a scalar multiple of (∂ + αλ + β)φ(∂) − (∂ + αλ +β)φ(∂ + λ).
(2) See Corollary 6.3 in [19] . Now, we can consider nontrivial extensions of finite irreducible W(a, b)-modules of the form (3.19) when (a, b) = (1, 0).
Applying both sides of (3.1) and (3.2) to v α gives the following equations:
(3.23)
Setting λ = 0 in (3.22) and (3.23) gives that
By (3.24) and (3.25), we obtain that f (∂, µ) = Case 2. β −β = 0, b = 0. By (3.25), we obtain that g(∂, µ) = 0, and it reduces to the case of Virasoro conformal algebra. Then we obtain the result by Theorem 2.7.
Otherwise, it corresponds to the trivial extension by Lemma 3.7(1). In fact, we can take a shift to let f (∂, µ) = 0 by Lemma 3.7(1). If g(∂, λ) = m n=0 n i=0 a ni ∂ n−i λ i is the solution of (3.23), where a ni ∈ C and m is the highest degree of g(∂, λ), then m i=0 a mi ∂ m−i λ i is the solution of the following homogeneous equation:
(3.26)
By Lemma 3.6 in [13] , we obtain all solutions of (3.26) as follows. Therefore, in Case 3, by Proposition 3.8, to solve (3.23), we only need to consider the following subcases. 
Thus g(∂, λ) = 0. Otherwise, it corresponds to the trivial extension by Lemma 3.7(1). In fact, we can take a shift to let f (∂, µ) = 0 by Lemma 3.7(1). Plugging a = 1 into (3.23) gives Obviously, we can obtain that g(∂, 0) = k with k ∈ C. Therefore, we can obtain that a m0 = 0. If m ≥ 3, dividing µ and comparing the coefficients of
, respectively, we obtain that a m1 = 0 or a m1 = 0 and α −ᾱ = m, (3.30) Assume that g(∂, λ) = a 00 with a 00 is nonzero complex number. Plugging this into (3.27) and using undetermined coefficient method, we can obtain that α −ᾱ = 0 and g(∂, λ) = 1. Assume that g(∂, λ) = a 11 λ+a 00 . Plugging this into (3.27) and using undetermined coefficient method, we can obtain that α −ᾱ = 1 and g(∂, λ) = λ − b.
Assume that g(∂, λ) = a 21 ∂λ + a 22 λ 2 + a 10 ∂ + a 11 λ + a 00 . Plugging this into (3.27) and using undetermined coefficient method, we can obtain that α −ᾱ = 2 and g(∂, λ) = ∂λ −ᾱλ 2 − b∂ + (β + 2bᾱ)λ − (bβ + b 2ᾱ ).
Subcase 4.4. m = 3. According the above discussion, we obtain that a 30 = 0, α = 1 andᾱ = −2. Assume that g(∂, λ) = a 31 ∂ 2 λ + a 32 ∂λ 2 + a 33 λ 3 + a 20 ∂ 2 + a 21 ∂λ + a 22 λ 2 + a 10 ∂ + a 11 λ + a 00 . Plugging this into (3.27) and using undetermined coefficient method, we can obtain that g(∂, λ) = ∂ 2 λ + 3∂λ 2 + 2λ 3 − b∂ 2 + (2β − 6b)∂λ + (3β − 6b)λ 2 + (−2βb + 3b 2 )∂ + (β 2 − 6bβ + 6b 2 )λ −β 2 b + 3b 2β − 2b 3 . After the above discussion, we can draw the following theorem. (3.19) exist. Moreover, they are given (up to equivalence) by (3.20) . The values of α andᾱ, β andβ along with the pairs of polynomials g(∂, λ) and f (∂, λ), whose nonzero scalar multiples give rise to nontrivial extensions, are listed as follows (by replacing ∂ by ∂ + β only in (1) and (4) 
Extensions of finite irreducible modules over T SV (a, b) and T SV (c)
In this section, we apply the methods and results in Section 3 to finite irreducible modules over Lie conformal algebras T SV (a, b) and T SV (c) and give all extensions of finite irreducible modules over them. 
The Lie conformal algebra T SV (c) with a parameter c ∈ C is a free C[∂]-module generated by L, Y and M and satisfies
Note that C[∂]M is an abelian ideal of both Lie conformal algebras T SV (a, b) and T SV (c). c) . All finite nontrivial conformal modules over the Lie conformal algebra T SV (a, b) and T SV (c) were classified in [11] , and the corresponding results are given by the following theorem. 
(2) Any finite nontrivial irreducible T SV (c)-module M is free of rank one over
with α, β ∈ C and α = 0.
First, we consider extensions of finite irreducible modules over T SV (a, b) and T SV (c) of the form
As before, E as a C[∂]-module in (4.19) is isomorphic to Cc η ⊕ M , where Cc η is a T SV (a, b) (resp. T SV (c))-submodule, and M = C[∂]v α such that the following identities hold in E: (4.19) are given by (4.20) and (4.21) , and
are the same scalar multiple of αλ+β+η and γ, respectively, and h(λ) = 0.
(2) All trivial extensions of finite irreducible T SV (c)-modules of the form (4.19) are given by (4.22) , where f (λ) is a scalar multiple of αλ + β + η and g(λ) = h(λ) = 0.
Proof. Similar to the proof of Lemma 3.3. W(a, b) . We obtain the result by Theorem 3.4(1).
(ii) Applying both sides of (4.3), (4.4) and (4.8) to v α gives Obviously, we can deduce that h(λ) = 0. Otherwise, we obtain that h(λ) = k by (4.23), where k is a nonzero complex number. By (4.24) and (4.25), we obtain a contradiction. Thus, h(λ) = 0 and it reduces to the case of W(a, b). We obtain the result by Theorem 3.4(2).
(2) Similar to the proof of (1)(i), we can deduce that h(λ) = 0. It reduces to the case of W( (4.26) are given by (4.27) , and 
Proof. Applying both sides of (4.7) to c η gives the following equations:
Obviously, h(∂, λ) = 0 by (4.28). Thus, all cases reduce to the case of W(a, b)(resp. W( (2) Similar to the proof of (1)(A), we can deduce that h(∂, λ) = 0. Thus, it reduces to the case of W( 3 2 , c). We obtain the result by Theorem 3.10(A). This completes the proof.
